Quantum secure communication provides a new way for protecting the security of information.
I. INTRODUCTION
Based on the basic principles of quantum mechanics, great progresses have been made in the field of communications and computation. For one thing, quantum cryptograph [1] [2] [3] [4] [5] , especially quantum key distribution [1] , has brought a new direction of cryptograph for achieving high-level security than their classical counterparts [6] [7] [8] [9] [10] [11] . For anther, quantum algorithms, like Shor's [12] and Grovers [13] algorithms, can solve a certain problem much faster than classical algorithms [14] [15] [16] .
Entanglement is a crucial resource in quantum world and two amazing applications of entanglement are quantum teleportation [17] and remote state preparation (RSP) [18] [19] [20] , which can securely transmit a quantum state from a sender to a remote receiver by pre-shared entangled resource. If the preparer has known the information of the state, RSP can be performed with a simpler measurement and less classical communication costs. Since the first appearance of RSP, various types of RSP have been proposed, which include high-dimensional RSP [21] , oblivious RSP [22] , faithful RSP [23] , multicast RSP [24] and joint RSP (JRSP) [25] [26] [27] [28] [29] , etc. JRSP deals with the situation involving at least two preparers, where each preparer holds partial information and only if they work together can the state be prepared, which is suitable for protecting highly sensitive information. However, a serious problem for most of these previous JRSP schemes [25] [26] [27] [28] [29] is that the success probability is less than 1. To solve this problem, deterministic JRSP (DJRSP) [30] [31] [32] [33] has been introduced by applying a three-step strategy. With some classical communication and local operations, the success probability of DJRSP can be increased to 1.
In a practical quantum communication system, the existence of quantum noise severely affects the security and reliability of the system [34] . For an entanglement based quantum communication system, the pure entangled state shared among participants will be changed into a mixed one in the presence of noise. Some researches have studied the effect of noise in recent years. Xiang et al. [35] presented a RSP protocol for mixed state in depolarizing and dephasing channels. Chen et al. [36] investigated remote preparation of an entangled state through a mixed state channel in nonideal conditions. Guan et al. [37] studied a JRSP of an arbitrary two-qubit state in the amplitudedamping and phase-damping noisy environment. Liang et al. [38, 39] investigated a JRSP of a qubit state in different noises by solving Lindblad master equation. Sharma et al. [40] investigated the effect of amplitude-damping and phase-damping noise on a bidirectional RSP protocol. Li et al. [41] investigated a DJRSP of an arbitrary two-qubit state via four EPR pairs channel which are subjected to several Markovian noises and they analyzed the scheme by solving the master equation in Lindblad form.
Recently, the application of weak measurement [42, 43] has been proposed as a practical method to protect the fidelity of quantum states subjected to decoherence through the amplitude-damping channel [44] [45] [46] [47] [48] [49] . Some of these studies have shown that the technique of weak measurement with post selection and its reversal measurement can be employed to improve the fidelity of teleportation [47, 48] and quantum secret sharing [49] . But these researches only investigated the amplitude-damping noise. In this paper, we are going to study how to improve the efficiency of multiparticle entanglement based quantum secure communication in noisy environment using the weak measurement and its reversal measurement. Taking a GHZ based DJRSP scheme as an example, we utilize the technique of weak measurement and its reversal to suppress the effect of quantum noise. We investigate not only the amplitude-damping noise, but also the other three types of noise usually encountered in real-world, the bit-flip, phase-flip (phase-damping) and depolarizing noise. The rest of this paper is organized as follows. In Sect. 2, the DJRSP scheme of an arbitrary one-qubit state is presented in noisy environment. In Sect. 3, we investigate the DJRSP scheme in amplitude-damping noise with weak measurement and its reversal measurement. In Sect. 4, we investigate effect of the weak measurement and its reversal measurement in the other three types of noise, respectively. The paper is concluded in Sect. 5.
II. DJRSP OF AN ARBITRARY ONE-QUBIT STATE IN NOISY ENVIRONMENT
In the following, a DJRSP scheme of an arbitrary one-qubit state based on GHZ state is given. As is discussed in Ref. [33] , this scheme is equivalent to the Bell state based scheme in Ref. [31] .
A. DJRSP scheme of one-qubit based on GHZ state in the absence of noise
In the DJRSP scheme, two preparers Alice and Bob will jointly prepare a qubit state for remote receiver Charlie. The prepared state has the form
where a 0 , a 1 ∈ R with
The information of the prepared state is split as follows: Alice knows {a 0 , a 1 } and Bob knows θ. A three-qubit GHZ state is shared among Alice, Bob and Charlie, which is
where the subscripts denote the qubits of the state. Here, Alice holds qubit A, Bob holds B and Charlie holds C. The DJRSP scheme runs as follows.
Step 1: Alice performs a projective measurement on qubit A in the basis {|P m ; m ∈ {0, 1}} with |P 0 = a 0 |0 + a 1 |1 , |P 1 = a 1 |0 − a 0 |1 . Then, the quantum resource shared among three participants becomes
with |Q 0 BC = a 0 |00 + a 1 |11 , |Q 1 BC = a 1 |00 − a 0 |11 . After the measurement, Alice broadcasts m to Bob and Charlie via classical channels.
Step 2: Bob measures qubit B in the basis {|O m,n ; m, n ∈ {0, 1}} that determined by both θ and m, where
After Bob performs his measurement, |Q m can be rewritten as
where R m,n denotes the recovery operator performed by Charlie.
Step 3: Bob announces n publicly, then Charlie can perform R m,n on qubit C to get the prepared state |φ , where
The noise channels
There are four types of noise usually encountered in real-world quantum communication protocols, namely the amplitude-damping, bit-flip, phase-flip (phase-damping) and depolarizing noise.
The amplitude-damping noise
The amplitude-damping noise describes the energy dissipation effects due to loss of energy from a quantum system and its Kraus operators are [50] 
where 0 ≤ λ ≤ 1 indicates the noise parameter.
The bit-flip noise
The bit-flip noise changes the state of a qubit from |0 to |1 or from |1 to |0 with probability λ and its Kraus operators are as follows [50] 
where I is identity matrix, σ x is the Pauli matrix and 0 ≤ λ ≤ 1 is the noise parameter.
The phase-flip (phase-damping) noise
The phase-flip noise changes the phase of the qubit |1 to −|1 with probability λ and it can be described by Kraus operators as [50] 
where σ z is the Pauli matrix and 0 ≤ λ ≤ 1. Note that the phase-flip noise is equivalent to the phase-damping noise, which describes the loss of quantum information without energy dissipation.
The depolarizing noise
The depolarizing noise takes a qubit and replaces it with a completely mixed state I/2 with probability λ and its Kraus operators are [50] 
where σ x , σ z , σ y are Pauli matrices and 0 ≤ λ ≤ 1.
C. Effect of noise on the DJRSP scheme
An assumption of the above DJRSP scheme is that the GHZ state has been faithfully shared among three participants. But in real implementation, there must be a source who generates the entangled states and distributes qubits to relevant participants via quantum channels. And each distribution quantum channel will inevitably be affected by quantum noise. Suppose Alice has a quantum source generator in her laboratory. She generates |GHZ 3 ABC , keeps qubit A in her own and sends B to Bob and C to Charlie via noisy quantum channels, respectively. In this case, the noisy effect on the entanglement after qubits transmissions can be represented as
where E j1 and E j2 are the noise operators, and superscripts B and C denote the qubits that are acted by noise operators.
In the presence of noise, Alice, Bob and Charlie share ρ noise as the quantum resource to perform the DJRSP scheme. The process of the scheme is rewritten in the form of density operator as follows.
Step 1: Alice measures qubit A by using operators {A m = |P m P m |; m ∈ {0, 1}}, and the system of (B, C) becomes
where p A m is the probability that Alice gets m, which has the form
Step 2: Bob measures qubit B by using {B m,n = | O m,n O m,n |; m, n ∈ {0, 1}}, and qubit C becomes
where p B m,n is the probability that Bob gets n on condition m, which has the form
Step 3: Charlie recover the prepared state by performing R m,n on the qubit C, that is
It is clear that Charlie will get the output state as ρ m,n out depending on Alice's measurement result m and Bob's n.
D. The fidelity of the output state
Since the effect of quantum noise, the output state ρ m,n out in Charlie's side might not be the desired prepared state |φ . Generally, fidelity can be used to describe the distance between these two states. For each m and n, the fidelity of the output state is defined as
Note that each output state may occur with different probabilities. The average fidelity can be defined as
To eliminate parameters a 0 , a 1 and θ of the prepared state and compute the average fidelity over all possible prepared states, the state-independent average fidelity is defined as [51] 
E. The state-independent average fidelity in all types of noise
To analyze noise effect of each type of noise, one need to calculate ρ noise , put it into Eqs. (11) to (15), and get the state-independent average fidelity. For the above four types of noise, one will get the state-independent average fidelity as follows.
In the amplitude-damping noise, the state-independent average fidelity is
In the bit-flip noise, one will get the fidelity as
In the phase-flip noise, the fidelity is
In the depolarizing noise, the fidelity is
III. DJRSP IN THE AMPLITUDE-DAMPING NOISE WITH WEAK MEASUREMENT AND REVERSAL MEASUREMENT
A. DJRSP in the amplitude-damping noise with weak measurement and reversal measurement
The weak measurement and its reversal measurement can be utilized to improve the fidelity of teleportation and RSP in noisy environment. In the DJRSP scheme, the weak measurements and its reversal can be applied in two places: one before and the other after the decoherence acts on the system. The operator of the weak measurement can be described as,
where s is the strength of the weak measurement. The weak measurement can be achieved by reducing the sensitivity of the detector, i.e., the detector clicks with probability s if the input qubit is in |1 , and never clicks if the input qubit is in |0 . The operator of the reverse weak measurement are given by
where r is the strength of the reversal weak measurement. The DJRSP of one-qubit state with weak measurement and its reversal is as follows.
Step A1: Alice generates |GHZ 3 . She makes two weak measurements on qubits B and C before sending them through noisy channels. It is assumed that both weak measurements on qubits B and C have the same strength s. The system after this process can be described as
where p W0 is the probability of Alice gets W 0 on qubits B and C, which has the form
Step A2: Alice sends qubits B and C to Bob and Charlie through noisy channels, respectively. And the noise effect on the system is described as
Step A3: After receiving qubits B and C from noisy channels, Bob and Charlie perform reversal quantum measurements on qubits B and C, respectively. Then, the system shared among Alice, Bob and Charlie becomes
where p V0 is the probability of Bob and Charlie get V 0 , that is
Step A4: In this case, Alice, Bob and Charlie use ρ V0 as shared resource to perform the DJRSP scheme, which is shown in Eqs. (11) to (15) , by replacing ρ noise with ρ V0 in (11) and (12) .
Step 1-3: Similar to Step 1-3 in Sect. II C.
The state-independent average fidelities FAD and F AD opt with noise parameter λ and weak measurement strength s in the amplitude-damping noise, where FAD is the fidelity without weak measurement and F AD opt is the optimal fidelity with weak and reversal measurements.
B. The state-independent average fidelity with weak measurement and reversal measurement
In the amplitude-damping noise, one will get the state-independent average fidelity with weak measurement and reversal measurement as
which is related to the noise rate λ, the strength of the weak measurement s and the strength of the reversal measurement r, but independent of the parameters of the prepared state. The aim is to improve the state-independent average fidelity F AD in Eq. 19. To improve the state-independent average fidelity in the amplitude-damping environment, one need to choose the strengths of the weak measurement s and the reversal measurement r properly. The optimal strength can be obtained by maximizing Eq. (30) with respect to r. In this case, the optimal reversal measurement strength r is
with δ = λ(s − 1)(5λ(s − 1) + 4) + 4 on condition that 0 < s < 1 and 0 ≤ λ < 1. Thus, the optimal value of F AD respect to r opt will be
The state-independent average fidelity F AD without weak measurement and the optimal fidelity F AD opt with weak measurement and its reversal are plotted in Fig. 1 . It can be seen from the figure that the optimal F AD opt where weak measurement and its reversal performed is always larger than F AD where no weak measurement performed, which means the state-independent average fidelity has been highly improved with weak measurement and its reversal.
C. The success probability
Although the state-independent average fidelity has been highly improved, there is a trade-off between the improvement of average fidelity and the total success probability. As the weak measurement and the reversal measurement are non-unitary operations, the scheme has less than 1 success probability. The success probability of the DJRSP scheme in the amplitude-damping noise with weak measurement and its reversal can be calculated as
The success probability of the DJRSP scheme in the amplitude-damping noise with weak measurement and its reversal on condition that the strength r of the reversal measurement is set to optimal.
where p W0 is irrelevant to quantum noise since it has been performed before the qubits transmissions, while p AD V0 is related to the noise rate of the amplitude-damping noise since it is the probability Bob and Charlie get V AD 0 after qubits B and C have been transmitted through noise channels.
The success probability in the amplitude-damping noise is plotted in Fig. 2 . It can be seen from the figure that the success probability p AD will get 1 when there is no noise (λ = 0) and no weak and reversal measurement is needed (s = r = 0), while p AD decreases with the increase of decoherence rate λ and weak measurement strength s on condition that the strength of the reversal measurement is set to r opt .
IV. DJRSP IN OTHER TYPES OF NOISE WITH WEAK MEASUREMENT AND REVERSAL MEASUREMENT
A. In the bit-flip noise
In the bit-flip noise, one will get the state-independent average fidelity with weak measurement and its reversal as
Now we discuss the possibility of improving F BF in phase-flip noise by choosing the strengths of weak measurement s and the reversal measurement r properly. Unfortunately, one will get the inequation that F BF ≤ F BF on condition that 0 ≤ λ, s, r ≤ 1, where F BF is in Eq. 20. It is clearly that the weak measurement and its reversal cannot improve the fidelity of DJRSP in the bit-flip noise.
B. In the phase-flip noise
In the phase-flip noise, one will get the state-independent average fidelity with weak measurement and its reversal as
After careful analysis, it is shown that the fidelity F PF with weak measurements is always less than the fidelity F PF in Eq. 21 without weak measurement. One can get the optimal F PF as
The state-independent average fidelities FDE and F DE opt with noise parameter λ and weak measurement strength s in the depolarizing noise, where FDE is the fidelity without weak measurement and F DE opt is the optimal fidelity with weak measurement and its reversal. As is shown, F DE opt is larger than FDE in the case of 0.468 < λ < 0.75 and 0 < s <
.
in the case of r = s. In other word, one will get F PF ≤ F PF on condition that 0 ≤ λ, s, r ≤ 1. It is clear that the usage of the weak measurement and its reversal cannot improve the fidelity of DJRSP in the phase-flip noise.
C. In the depolarizing noise
In the depolarizing noise, the state-independent average fidelity with weak measurement and its reversal is 
The optimal value of F DE can be got as
in the case of 0.468 < λ < 0.75 and 0
, where one can get the improvement since F DE > F DE , i.e., the fidelity with weak measurement and its reversal is larger than the fidelity without measurements in Eq. 22. But the maximal improvement of fidelity is less than 0.018. F DE and F DE opt are plotted in Fig. 3 .
While in most of the others cases, F DE is less than F DE , which means the weak measurement and its reversal has little impact on suppressing the depolarizing noise.
V. CONCLUSIONS
In summary, we present a method for improving the fidelity the DJRSP through noisy channels using the technique of weak measurement and its reversal. Taking a GHZ based DJRSP scheme as an example, we show that the loss of information about the prepared state due to interaction with noisy environment can be reduced by using weak measurement and its reversal measurement. In the amplitude-damping channel, we present the optimal strength of reversal the measurement for which the loss is minimum. Although the state-independent average fidelity can be highly improved, there is a trade-off between the improvement of fidelity and the total success probability. Surprisingly, in the bit-flip and phase-flip (phase-damping) noise, our results show that the technique of weak measurement and its reversal cannot improve the fidelity of the scheme. While in the depolarizing noise, the weak measurement only has little effect for suppressing the noise in some specific cases.
Although we have discussed the DJRSP scheme, similar results can be obtained for JRSP and RSP. To be specific, one can get simpler results for JRSP if he/she only consider the case that Alice's measurement result is m = 0. Furthermore, one can get related results for RSP if he/she let Alice and Bob be the same person who performs two projective measurements. However, in this case, the noise effect on entanglement becomes a more simpler form since only qubit C is interacted with the noise channel. Our results will be helpful for analyzing and improving the efficiency of multiparticle entanglement based quantum communication protocols suffering from quantum noise.
